We present here a 'similar' solution for the nano boundary layer with nonlinear Navier boundary condition. Three types of flows are considered: (i) the flow past a wedge; (ii) the flow in a convergent channel; (iii) the flow driven by an exponentially-varying outer flows. The resulting differential equations are solved by the homotopy analysis method. Different from the perturbation methods, the present method is independent of small physical parameters so that it is applicable for not only weak but also strong nonlinear flow phenomena. Numerical results are compared with the available exact results to demonstrate the validity of the present solution. The effects of the slip length , the index parameters n and m on the velocity profile and the tangential stress are investigated and discussed.
Introduction
In classical boundary layer theory, the condition of no-slip near solid walls is usually applied. The fluid velocity component is assumed to be zero relative to the solid boundary. This is not true for fluid flows at the micro and nano scale. Investigations show that the condition of no-slip is no longer valid. Instead, a certain degree of tangential slip must be allowed. To describe the phenomenon of slip, Navier [1] introduced a boundary condition which states the component of the fluid velocity tangential to the boundary walls is proportional to the tangential stress. Through the studies of fluids on the surface of various properties, later researchers [2] [3] [4] 
where > 0 is the constant slip length and n > 0 is an arbitrary power parameter. In this paper, we shall restrict ourselves to the steady two-dimensional boundary layer with the differential equations ∂u ∂x
subject to the boundary conditions |u| = ∂u ∂y n and v = 0 at y = 0,
u ≡ U(x) = ax m as y → ∞.
Here, x and y are the dimensionless Cartesian coordinates measured along the plate and normal to it which are scaled by a characteristic length of the body L and L/ √ R, respectively. u and v are the velocity components along the x and y axes which are scaled by the free-stream velocity U ∞ and U ∞ / √ R, respectively. U is a given external inviscid velocity field scaled by U ∞ . The constant > 0 is the slip length scaled by U 1−n ∞ L n R −n/2 . R denotes the Reynolds number; a, m and n are constants. The case a > 0 is of main interest when describing flows away from the origin, and a < 0 when the external stream flows towards the origin. The family of potential flows with U(x) ∼ x m corresponds to flow past a wedge with angle πβ, as shown in Fig. 1 . It is known that the relationship between the wedge angle factor β and the exponent m is β = 2m/(m + 1). Potential flows U(x) proportional to 1/x correspond to the case of a two-dimensional sink or source depend on the sign of U(x). When a < 0, it represents flow in a convergent channel with flat walls, as shown in Fig. 2 (for details see Schlichting [5] ).
One of the most interesting problems arising out of finding a solution of boundary layer equation is the investigation of the conditions under which two solutions are similar. Using Lie symmetries analysis, Matthews and Hill [4, 6] introduced the similarity transformation
and the stream function f (η) defined by
provided m = n/(3n − 2), where n = 2/3. With these transformations, Eqs. (2) and (3) can be written as
where the prime denotes differentiation with respect to η. The boundary conditions depend on the value of n. For n = 1/2, the boundary conditions are
f → a as η → ∞.
For n = 1/2 the condition f = 0 will be replaced by
As a matter of fact, these two kinds of boundary conditions correspond to two distinct physical phenomena. For n = 1/2 and m = −1, it corresponds to a two-dimensional sink provided a < 0. When n = 1/2, it corresponds to the flow past a wedge with angle πβ. As is mentioned, the relationship between the wedge angle πβ and the exponent m is β = 2m/(m + 1). In this analysis, since m = n/(3n − 2) we have β = n/(2n − 1). If we are concerned with boundary layers without back-flow or separation, we require β > 0 which implies n > 1/2. Particularly, n = 1 ⇒ m = 1 so that the wedge angle is π . This is the case of stagnation plane flow (Hiemenz flow) with the linear Navier boundary condition. Now let us consider the special case for n = 2/3. Similar solutions exist when the potential flow U(x) = a exp(mx), which is a limiting case of U(x) = ax m . Introducing the similarity transformation
Matthews and Hill [4] obtained the ordinary differential equation
and the boundary conditions (9) and (10) . A further simplification shows the parameter a can be removed from the governing equation and the boundary condition if η and are multiplied by √ |a| and |a| 3n 2 −1 , respectively; and f is multiplied by 1/ √ a for a > 0 and −1/ √ −a for a < 0. Therefore, the differential equation for (i) the flow away from the origin past a wedge is
(ii) the flow in a convergent channel is
(iii) the special case when n = 2/3 and
The boundary condition (10) becomes
Generally speaking, the process of obtaining exact solutions of the nano boundary layer equations encounters considerable mathematical difficulties. Though it is possible to obtain the exact solutions in one or two particular cases (for example, the case of flows in a convergent channel), both the differential equations and the boundary conditions are nonlinear in most cases so that they can only be solved by numerical methods or series expansions. Matthews and Hill [4] have reported the numerical solution for the problem. In this paper, we obtain series solutions. As we know, the usual series method for nonlinear differential equations is the perturbation methods, in which one expands the solution with respect to a small parameter in power series so that the original differential equation is split into a system of simultaneous differential equations. However, perturbation methods are dependent upon small parameters so that they may loose validity for a comparatively large value of this parameter. To overcome the restriction, we shall apply a relatively new method, the homotopy analysis method [7] [8] [9] [10] [11] [12] , to examine the series solution of the nano boundary layer problem.
Proposed by Liao [7] [8] [9] [10] [11] [12] , the homotopy analysis method has been widely applied to many aspects of nonlinear problems, such as the viscous flows of non-Newtonian fluids [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , the KdV-type equations [24] [25] [26] [27] [28] , nonlinear heat transfer [29] [30] [31] [32] , finance problems [33, 34] , Riemann problems related to nonlinear shallow water equations [35] , projectile motion [36] , Glauert-jet flow [37] , nonlinear water waves [38] , groundwater flows [39] , Burgers-Huxley equation [40] , time-dependent Emden-Fowler type equations [41] , differential-difference equation [42] , Laplace equation with Dirichlet and Neumann boundary conditions [43] , thermal-hydraulic networks [44] , boundary layer flows over a stretching surface with suction and injection [45] , and so on. Especially, some new solutions of a few nonlinear equations are reported [46, 47] : these new solutions have never been reported by all other previous analytic methods and even by numerical methods. This shows the great potential of the homotopy analysis method for strongly nonlinear problems in science and engineering. Different from perturbation techniques, this method is independent of any small parameters. Besides, unlike other analytic techniques, it provides us a simple way to ensure the convergence of series solution of a nonlinear problem. Therefore, it is particularly suitable for strongly nonlinear problems.
Here in this problem, the situation is different from other problems. The nonlinear Navier boundary condition contains the power parameter n. Suppose we constructed the homotopy zero-order deformation equations of the nonlinear Navier boundary condition as usual. Different values of n would consequently lead to totally different highorder deformation equations. Without loss of generality, we shall therefore use a trick in which a new boundary condition, f (0) = α, is substituted for the nonlinear Navier boundary condition. In the next section, we shall present the homotopy analysis method.
The homotopy analysis method
Here we have three kinds of 'similar' equations for the boundary layer equations (2) to (5) . From the point of view of the boundary conditions, the case (i) is a more complicated than the other two cases because the case (i) contains the boundary condition (9) with an arbitrary power parameter n. To illustrate the homotopy analysis method clearly and representatively, we shall take the case (i) with Eqs. (15), (9) and (19) as example.
Based on the boundary conditions (9) and (19) , it is reasonable to assume the solution expression to be
Let us define a (jointly continuous) map F (η; q) → f (η), where the embedding parameter is q ∈ [0, 1] such that, as q increases from 0 to 1, F (η; q) varies from an initial guess to the exact solution f (η). To ensure this, we construct the zero-order deformation equation of the governing equation
Let us substitute a new boundary condition, f (0) = α, for the original nonlinear Navier boundary condition. Thus the zero-order deformation equations of the boundary conditions (9) and (19) can be written as
In (21),h = 0 is an auxiliary parameter, H (η) = 0 is an auxiliary function of η, L is the auxiliary linear operator defined by
and the operator N [F (η; q)] is defined from the differential equation (15) as
When q = 0, the zero-order deformation equations (21) to (23) give rise to
When q = 1, they become
f 0 (η) is an initial guess which should satisfy the boundary conditions
For example, we can assume
as our initial guess. Hence it is seen that f 0 (η) and f (η) are homotopic. Expanding F (η; q) in Maclaurin series with respect to the embedding parameter q, we obtain
where
Assuming that above series is convergent for q = 1, we get
Differentiating the zero-order deformation equations (21) to (23) m times with respect to q, then setting q = 0, and finally dividing by m!, we obtain the high-order deformation equations (m 1):
and
For simplicity, assume H = 1; hence the solution of (33) can be expressed in the form
where C 0 , C 1 , C 2 are determined by the substitution of (38) into (34) and (35) . It is known that the mth order solution f m (η) must include the parametersh and α. Assuming that the integer j is large enough to ensure convergence, from the series (32), we obtain
where s is a function of α andh. Suppose the value ofh is chosen properly so that the solution series are convergent. We can solve α from the nonlinear Navier boundary condition
It is an algebraic equation. It is worth mentioning that (40) may have more than one real solution. However, not all of them are meaningful physically. For example, in the case of flow (away from the origin) past a wedge, the tangential velocity at the wall α 0 is required so that we should eliminate those values of α < 0.
Result and discussion
In the previous section we have the assumption thath is to be properly chosen so that the solution series are convergent. But how can we choose such a properh? Commonly, we do this by means of the so-calledh-curve, in which we look upon the parameter α as an independent variable and s(α,h) as its function. Let us take the case of the flow past a wedge governed by the differential equation (15) , as shown in Fig. 3 . It is know that α is the dimensionless tangential velocity on the wall. Thus, it should hold α 0. Within the area 0 α 1, it is seen that there exists an almost overlapping area of s(α,h) for different values ofh, such ash = −0.01,h = −0.03,h = −0.05. The largerh is in magnitude, the more quickly the series solution converges. But too largeh in magnitude may lead to the divergence of the series solution. From Fig. 3 , we can see that −0.05 h < 0 is the valid region ofh. As long as the series solution converges, it must be one of the solutions of the problem, as is proved by Liao [8] .
In fact, there exists an effective and easy-to-use method to obtain the high-order approximation. That is the homotopy Padé method. It is found that the [k, k] homotopy Padé approximants not only can accelerate the convergence of the series solution but also exclude the auxiliary parameterh from it. The possible reason is that the Padé technique plays the role of a filter which filters out the most slowly decaying factors so as to accelerate the transient process and makes it stable. To show its advantages, we compare the different orders of homotopy Padé approximants with numerical results for differential equations (15) and (16) in Tables 1 and 2 , respectively. As we know f (0) is related to the tangential stress. It can be seen the [k, k] homotopy Padé approximants of f (0) agree well with the numerical results.
For the flow past a wedge which corresponds to the differential equation (15), the variation of f (0) with both the slip length and the wedge angle factor β = n/(2n − 1) is shown in Fig. 4 . The [15, 15] homotopy Padé approximant and the numerical result agree well with each other. It is found that when approaches zero, f (0) increases with an increasing wedge angle; when is near or above one, f (0) decreases as the wedge angle increases.
The profiles for the x and y components of the velocity in the case of the flow past a wedge, when n = 2 corresponding to a wedge angle of Table 1 The [k, k] homotopy Padé approximant of f (0) for the case of the flow past a wedge, where n = 2 and = 0, 0.1, 1 and 10 Table 2 The [k, k] homotopy Padé approximant of f (0) for the case of the flow in a convergent channel, where n = 1/2 and = 0, 0.1, 1 and 10 For the flow in a convergent channel, there exists an exact solution
where λ is the largest positive root of In fact, the substitution of any positive root of (42) into (41) can satisfy the original differential equation (16) and its corresponding boundary conditions, but the smaller positive values of λ would lead to contradiction with our assumption of a two-dimensional sink. By means of the homotopy analysis method, we can obtain the high-order series solution for (16) . Since the boundary conditions are different in this case, it is necessary to change the initial guess, the linear operator, the auxiliary parameterh and the auxiliary function H (η), etc. For example, we introduce the new boundary condition f (0) = α and assume 
The valid region ofh is found to be −0.8 <h < 0. Likewise, it is found that there may exist two solutions for α. We only retain the solution corresponding to the value of α which leads to f (0) > 0. The x and y components of the velocity for n = 1/2 are shown in Figs. 7 and 8. The 40th-order homotopy approximation forh = −0.5 and the numerical result are compared. When the slip length increases, the rate of change of the tangential velocity through the boundary layer decreases. However, there is little effect on the normal velocity component through out the boundary layer. For the case where n = 2/3 which corresponds to the potential flow with U(x) = a exp(mx), the homotopy analysis method, the initial guess f 0 (η), the linear operator L and the auxiliary function H (η) are the same as those we use in Section 2. Also we use the homotopy Padé method. Thus the auxiliary parameterh can be eliminated from our approximations. Here we consider the case of a > 0. The [15, 15] homotopy Padé approximant of the tangential velocity profile is compared with the numerical result, as shown in Figs. 9 and 10. It is found that for fixed m the tangential velocity increases as the slip length increases, and for fixed the tangential velocity increases as m increases. 
Conclusion
The homotopy analysis method is applied to the nano boundary layer with nonlinear Navier boundary condition. Through the similarity transformation, we obtained series solutions for three different flow phenomena: (i) the flow past a wedge; (ii) the flow in a convergent channel; (iii) the flow driven by an exponentially-varying outer flow.
We compare the higher-order homotopy approximation results and the [k, k] homotopy Padé approximant results with the numerical results of Matthews and Hill [4] . It is found that the present approximation agrees well with the numerical one. The effects of both and n on the velocity profile and the tangential stress are discussed. For the flow past a wedge, when approaches zero, f (0) increases as the wedge angle increases; however, when is near or above one, f (0) decreases. For the flow in a convergent channel, as increases, the rate of change of the tangential velocity decreases. For the flow driven by an exponentially-varying outer flow, for fixed m, the tangential velocity increases as increases, and for fixed , the tangential velocity increases as m increases.
